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Abstract

A method is proposed that allows a variance estima-
tion for interatomic distances in the case of a one-
dimensional incommensurate (or commensurate) dis-
placively modulated structure to be derived. This method
takes into account the covariance terms in the vari-
ance—covariance matrix X of the atomic pair, resulting
from true linear relations between some positional pa-
rameters. These linear relations, arising in the case of
symmetry-related atoms or in the case of special posi-
tions in crystals of high symmetry (trigonal, tetragonal or
hexagonal systems), are carefully scrutinized. The results
of these linear relations on the X' matrix are specified
for any order of the Fourier expansion of the modulated
displacements and some examples of matrices are given.
A general formula written in matrix form is then de-
rived for the bond-length variance. This method is then
exemplified by different typical examples, showing the
usefulness of such a calculation for the comparison of
different results or for the discussion of the significance
of some interatomic distance variations.

1. Introduction

The determination of uncertainty for physical parameters
refined from least-squares methods is important as it
gives a range of significance for the corresponding
results in relation to the actual values, which cannot
be measured directly but are derived from the analysis
of a set of measured data. For interatomic distances,
the final result is obtained from a refinement process
using refined structural parameters from experimental
data through a functional relationship. The square root
of the attached variance term characterizing the accuracy
of this structural secondary parameter is defined as the
combined standard uncertainty (c.s.u.), previously called
estimated standard deviation (e.s.d.) (Schwarzenbach,
Abrahams, Flack, Prince & Wilson, 1995). A structural
study will be reliable if one can state that the actual
values of the derived structural parameters lie in an
interval centred at the refined value and with a width
proportional to the c.s.u. However, the c.s.u. values that
can be calculated from the previous analysis suppose that
the model is adequate and that the chosen parameters on
the whole can accurately describe the real structure. It
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is well known, for example, that the calculated c.s.u.
for the cell parameters of a single crystal determined
from a four-circle goniometer measurement or for the
thermal-motion parameters refined from a global pro-
file analysis of a powder diffraction pattern are often
underestimated; two independent measurements or two
refinements using different profile or background models
can give incompatible results within the range of their
c.s.u.

Nevertheless, for structural studies, it is important to
validate a refinement procedure with a critical exami-
nation of the derived parameters (e.g. thermal-motion
or site-occupancy parameters) or of the secondary pa-
rameters (e.g. interatomic distances or bond lengths)
that can be compared and should be compatible with
known standard values within the range of their c.s.u.s.
For a crystal that exhibits a displacive modulation, a
variance estimation of interatomic distances is partic-
ularly interesting. In fact, because of the modulation
and in particular in the case of an incommensurate
modulation, the structural model involves a variation
of the interatomic distances throughout the crystal. If
large variations are observed, it is most important to
know if the results are consistent with the type of
chemical bond or with the chemical coordination of
the species. On the contrary, if only small variations
are observed, one has to decide about the real signifi-
cance of these variations. Interatomic distances are not
always tabulated as a function of the internal phase
variable, even if it is important to check the poten-
tial validity of structural results from the values for
interatomic distances in any cell of the modulated crys-
tal.

To perform these statistical tests, the c.s.u. of the
interatomic distances are required. A method has been
suggested by D. E. Sands (1966) to compute bond-length
and bond-angle variances in non-modulated crystals. It
takes into account the possible linear relations occurring
between the coordinates of symmetry-related atoms or of
atoms on special Wyckoff positions through covariance
terms. This type of calculation has not always been used
in the available computer programs for interatomic dis-
tance calculation, so, for example, symmetry-equivalent
interatomic distances are not always calculated with the
same c.S.U.
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This method may also be used in the case of dis-
placively modulated crystals. Then, two types of parame-
ter have to be considered: the average atomic coordinates
and the Fourier terms describing the periodic displace-
ments from the average position. In the general case of
a d-dimensional modulation, these displacements are a
function of d variables, the so-called internal parameters
(de Wolff, Janssen & Janner, 1981). If the modulation
is one dimensional, the number of Fourier terms per
atom is six for a given harmonic of order n. As a
result, the rank of the variance—covariance matrix X
related to a given atomic pair is larger than in the
usual case [2(3 + 6m) against 2 X 3, where m is the
number of harmonics introduced in the model]. For
a crystal of high symmetry (in trigonal, tetragonal or
hexagonal systems for a one-dimensional modulation),
linear relations may be involved both between average
coordinates and between Fourier terms. Two cases are
to be considered: one of the atoms of the pair either is
generated from another one in a general position by a
symmetry operator or lies in a special position in the
average structure. The resulting linear links then induce
covariance terms in the X' matrix. The expression of the
covariance terms related to the average coordinates is
easy to write. As expected, the main difficulty is to find
a general formula describing the possible linear relations
between the Fourier terms with the aim of deriving the
corresponding covariance terms for the generalized X'
matrix. Such relations have already been established for
monoincommensurate modulated structures (Petricek &
Coppens, 1988). In the present paper, the consequences
on the variance—covariance matrices are considered in
relation to the symmetry conditions of a given atomic
pair and a method of calculating the interatomic distance
c.s.u. is proposed.

2. Main assumptions and
methodological considerations

Before defining how the bond-length variances can be
derived from the variances of the refined parameters, let
us first recall some results concerning general statistical
properties and the description of modulated crystals.

1. Statistical properties

If we consider a non-linear function
fp,.py ...,p; ...) of several random variables
p;, it is possible to give an estimation of the variance
of f, var(f) = o7, by using the first two terms of
the Taylor expansmn of f about the mean values (p,)

(Schwarzenbach et al., 1995):
of =~ (df/f)p,)2 var(p,)
+ > > [(of/op;)(9f/Op))) cov(p;, p)). (1)

i jFEi
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This relation can be expressed in matrix form as
o} ~ (G| X|G), (2)
where b)) is the variance—covariance
matrix  associated  with  the  parameters p,
( | = (Of/dp,, Of/dp,, ...,0f/dp,, ...) and IGZ

is the transpose of (G|. The derived expression for o
is valid assuming a small dispersion of the random
variables, p,, around their mean values. Another
possible method involves expressing f only as a
function of rigorously independent parameters chosen
among the parameters p,. Consequently, (1) is much
simpler, without covariance terms and the new X’
matrix is smaller and diagonal. The similarity between
the two methods is shown in Appendix A. This last
method is perhaps easier in particular cases but requires
simple relations between dependent parameters, which
are not always easy to derive.

2.2. Modulated crystals

In a one-dimensionally modulated crystal, the dis-
placive modulation of the ith atom is described with
a periodic _vector field U’, a function of the internal
parameter x, =q" (rh + p), where q* is the modula-
tion vector, r; is the average position of the ith atom
in the origin unit cell and p is a direct-lattice vector
(Janssen, Janner, Looijenga-Vos & de Wolff, 1992). q*
may include a rational part q,, so that q* = q, + q,,. The
components U, of U' are expanded in Fourier series up
to the mth order, which is usually the maximum order
observed for the satellite reflections in the experimental
diffraction pattern.

= S {AL ,cos[2mn(t) + 1)]
n=\
+ Bl ,sin[2mn(f, + 1)}, (3)
where @ = 1,2,3; 1, = q* - r) = ¢’xi (summation

with Einstein’s convention) and x‘ is the a component
of the average position ri; and = q* - p is (modulo 1)
a dense set of real numbers on the [0, 1] interval in the
incommensurate case. The actual position of the ith atom
in the p unit cell is then given by

X =X +p, + U (1) (4)

If the atomic pair of interest is denoted as i,j, the
square of the corresponding interatomic distance can be
expressed by

= (X|g|X), (5)
where g is the metric tensor (g, = a, - a,, {a,} the
unit-cell basic vectors) and (X| = (X, X,,X;) with

X(! :x‘;l

—x/
x.,.
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To obtain a convenient form for the vari-
ance—covariance matrix Y of the parameters related
to the considered atomic pair, the following order is
chosen for the different variables:

—_— = — : i : ; ; i
x> X, X3, Ay 1, A3 LAy |, B . B; |, B

1 3,12 "
Ai Ai Ai Bi Bi Bi

1,m 2. m>* 3, m> =1, m> 2, m> ™23, m»
o A A A BI BRI R
X%, X4, Al ,A) A |, B] |,B) B}, ...,
J J J J j J
A].m’A2,m’A3‘m’Bl‘m’BZ,m‘B3,m'

From (2), a variance estimation of the interatomic
distance can be derived if the correct variance and
covariance terms are introduced in the > matrix, remem-
bering that the components of (G| are the derivatives of
d with respect to the previous variables.

2.3. Simplifying hypotheses and approximations

The determination of the c.s.u. for bond lengths or
interatomic distances proposed in this paper is restricted
to the case where the displacive modulation is one
dimensional. Our aim is to describe a variance analysis
as a function of the linear relations between positional
parameters. Preliminary approximations can be carried
out.

As is well known, on refining the independent param-
eters by least squares, unbiased estimates are obtained
for the elements of the variance—covariance matrix V
(Hamilton, 1964), providing the model is good. The
covariance terms resulting from correlations between the
so-called ‘independent’ parameters should be considered
in the analysis of the bond-length variances. However,
relatively small values can usually be expected for the
correlation coefficients p, ,, particularly for positional
parameters, assuming that the crystal does not display
any pseudosymmetrical character. Moreover, it is likely
that a balanced proportion of positive and negative val-
ues occurs for the p, , coefficients, thereby minimizing
their influence in the calculation of variances. Hence, in
the following discussion, these covariance terms that do
not correspond to true linear relations between positional
parameters are neglected. If necessary, they could also
be introduced.

The cell parameters and components of the mod-
ulation vector q* are usually accurately known. The
corresponding variance terms are supposed to be neg-
ligible in the present study. We can, therefore, limit our
analysis to the refined positional parameters.

3. Determination of the X matrix

In the most favourable case of two independent atoms
in general positions, the X' matrix has a diagonal form
composed of the different variance terms of mutually
independent variables. However, it is often necessary
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to consider more complex but not untypical cases that
involve linear relations between the previous variables.
Consequently, it becomes necessary to modify the sim-
ple diagonal form by adding covariance terms. Different
cases can be distinguished:

(a) The atoms i and j are not symmetry related:
2’ is then composed of diagonal blocks of matrices
M,S\, ...S, .., S MS, ... S, .. S whereM
(3 x 3) and S, (6 x 6) are variance—covariance matrices
related to the average coordinates and to the Fourier
terms of the nth harmonic, respectively. Covariance
terms may be involved only in the M and S, matrix
of each of these atoms for crystals of high symmetry
(HSC); in this case, the principal rotation axis will
be supposed to be parallel to the x; direction. Three
subcases occur:

(al) one atom of the pair (or both) is (are) on a special
position in the average structure;

(a2) one of the atoms does not belong to the list,
noted (L), of the ‘independent atoms’ of the structure
refinement. It is, therefore, generated from an atom g in a
general position by a given symmetry operator, denoted
(R, s), belonging to the symmetry space group associated
with the average structure;

(a3) the third case is a combination of the first two:
the atom i, on a special position in the average structure,
is generated from another atom . of the list (L).

(b) The atoms i and j are symmetry related: ad-
ditional covariance terms have to be included in the
X'J part of the X matrix (2"/ = 3¥%). The 5%/
part is then composed of diagonal blocks of matrices
N,P,...,P P

n v m*

3.1. The M matrix

3.1.1. Case (al). Some special positions only im-
pose a constant rational value for some components
of the average position of the considered atoms. The
corresponding positional parameter simply disappears
but, in HSC, linear relations between the x! coordinates
may be involved. It is easy to see that they can be
written in a general form x‘b = (pxil , where ¢ is a rational
number; then, the M' matrix can easily be written using
the relations

var(x—é) = (p2 var(g); COV(JE,/\C_ﬁi) = cpvar(Z).
()

3.1.2. Case (a2). The expression for M' does not
depend on the possible glide vector, s, associated with
R. M' is deduced from M*, which is then a diagonal
matrix, by the classical formula:

M' = RM"R, (7

where R is the transpose of R. The terms of M' are given
by a single expression:
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cov(z, x_ﬂ') =R,.R;, var(xj)
(Einstein’s convention). (8)
The variance terms are of course obtained for @ = 3.
3.1.3. Case (a3). This case is a generalization of
(7), with M* not diagonal, but with the form (6):

var(;i) =(R,, +¢R,,)* var(x_‘,‘)

fora =1 and 2
var() = var (5] ) 9)

cov(xﬂ,x‘z) = [R)|Ry + (R, Ry, + R3R;))
+ ¢’R,Ry,) var(x’l‘).

3.1.4. Typical examples. Let us give some typical
examples illustrating the calculus of 0‘2, from (2). For
simplicity, consider an unmodulated hexagonal crystal
(space group P6mm) with two equivalent atomic pairs
i, 1 and i, j; the atom i is at the origin of the coordinates
and the atom j is generated from the atom p belonging
to L by a rotation R of 27 /6 about c. Let us look at the
following cases:

(i) the atom p is in a general position in the a,b
plane (z# = 0);

(i) the atom g is in the special position 2x*, x*, 0.

The X' matrix related to the pair i, 4 can be reduced
to the M* matrix.

In the first case, M* is diagonal since x** and y* are
independent variables; (2) leads to

03, = (2d/0x)a, + (0d/0y")'a,
= (a*/4d")[(2" = y*)’0%, + (29" — x*)'03.]).

(10)

The X matrix related to the pair i,j can also be
reduced to the M’ = RM*R matrix. Then,
ol =(8d/dx)) (o + ok.) +2(0d/0x7)(8d/By’)a,
+ (0d/dy’) a2,
= (a*/4d)){[(=* — 29#)% +2(x* — 29")(x* + )
+ (2" + y*)os. + (- 29*) ol (11)

o

This variance is equal to 05 , as expected.
. H
In the second case, since M*, = 402,, M4, = 52, and
M, =202 '
12 = 40um:

ad \* dd od od \°
2 _ 2 2 2
O'd,‘“ - (0X”> 40'X,L + ZWWZO’W + (W) O

(12)
with X* = 2x* and Y" = x#; the very simple expression

o3 = 3a’al, (13)

LRy
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is then obtained, which can of course be derived directly
by writing d, , as a function of x*.
It is easy to find from (7) that M), = o2,

l Xk Méz = 403#
and M}, = 202,. From (2), the variance of d, ;

2 2
8
o :(8d.) 2 4204 9, (&1)42
v \oxi) F

- ——— L0, + T X
ax’ oyl * oy’
with X/ = x* and ¥/ = 2x* is equal to 0, as expected.

(14)

3.2. The S, matrix

In a one-dimensional modulated crystal, the displacive
modulation functions U* and U associated with two
atoms p and v, symmetry related by the operator (R, s)
in the average structure, are interdependent according to
the relation

() - ()
= RU" [e(x_f{ —T4+mr, - q:-s)], (15)

where ¢ = %1 satisfies the condition Rq;, — eq;, =
0; 7 is a phase shift in the internal space associ-
ated with the symmetry operator; m* = eq* — R™'q’ =
eq* — R™'q*. The rational part q* of q* involves a
centring of the four-dimensional unit cell in R It is
always possible to do an appropriate basis transformation
that leads to a zero value for q’. Then, the previous
relation can be written in the simpler form

(%) = RV [o(7 -]

with x_z = 15+ This relation associated with (3) leads to

(16)

Us() =R, Xn:{(an‘l;‘" - Esnt.n) cos[2mn(ty + 1))
+ (s,Af , + eanf,;‘ o) sin2zn(ty + 1)} (17)

with ¢, = cos(27n7) and s, = sin(27nT), allowing A7 |

and B!,  to be given as a function of A; | and Bf; :

Al =c,(R,4A% ) — asn(RaﬁBg‘ )

Bﬁ,n = sn(Ra_HA# ) + Ecn(RaﬂBg.")'

B.n

(18)

These relations (18) can be written in matrix form:

[¥)) = IT,1Yy) (19)

. _ c,R —es,R _
with T, = (s" R EC"'k ) and (Y| =
(Al,n’AZ.n’AB.n’Bl, n’BZ. "’ BS.n)‘
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Then, in a similar way to (7), the S/ matrix can be
related to that of S!':

S =TSHT

n n“n-n* (20)

The different previously defined cases are also con-
sidered now. '

In case (a2), S, is easily determined from (20) with
v = i because the variance terms of §*' are directly found
in the V matrix. In the other cases (with i = p or i # p),
S" has to be derived taking into account the possible
linear relations between the Fourier terms.

Let us consider the action of symmetry constraints on
the Fourier terms of the atom p, assumed to be located on
a special position in the average structure. Denoting the
point-group symmetry of this site by PS, the constraints
are then found by writing the invariance of U* under
the action of the generator operations (R, ¢|7) acting in
R*, associated with the generator operation R of PS (de
Wolff er al., 1981). For each generator operation, the

relation
U* (x_ff) = RU¥ [E (x_ff - T)]

has to be satisfied; it turns out that the Fourier terms of
the nth harmonic are found by solving
IT, ¥y = 1), (21)
From our choice of axis, U, and U, do not depend
on Uj;, and the condition (21) can be expressed from the
two equations

T, = I'lyt) = |0) (22)
T, —1"|z) = |0) (23)
with
,_ (c,R —es R ' _ (R, Ry,
T,= (s:R' ec R ) R = (R21 R, )’
c, —€s
T, = Ry, (s: gcn">'
<y| ln’Agn’B‘lln’Bg,n)’
nl = ? n’Bgt n)

and I, I” are the unit matrices (4 x 4) and (2 x 2),
respectively.

If the determinant A|T, —I'| # 0, then U} = Uy = 0.

If A|T" I"| # 0, then U§ = 0.

Some trivial cases may occur when both s, = 0 and
c,R —1I' =0 (or Ryc, — 1" = 0). This leads to zero
values for all the elements of the matrix T -I or
T —1”. Such cases do not impose any constraint on
the Fourier terms and are not of interest here.
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If A = 0, then, within a given harmonic, the sym-
metry constraints bring about the cancellation of some
Fourier terms or linear relations between them (for
HSCQ).

Let us first consider the usual case where a single
symmetry element is involved in PS. The possible linear
relations are derived from (22) and (23).

For € = +1, the linear relations between the Fourier
terms can always be written in the following way:

A,ll‘n = (I"Ag‘" ﬂ Bﬂ
Blll,n:_ﬂnA +(1an,

(24)
(25)

where the coefficients ¢, and 3, are functions of s,, c,
and R.
In this case, A} , and B, are always independent.

For ¢ = —1, several forms of linear relations may be
involved:

@AY, = a;A‘zf , and B} | = «;'B5 , simultaneously
with o = —an,

(i) A}, = Ay

(iii) B“ = oBY ;

(iv) AY, = v,B% .

In the first three cases, no linear dependence is
involved between A% | and BY , whereas, in case (iv),
Al =AY =B =B, = = 0. All these linear depen-
dences are tabulated in Appendix B.

The various matrices S/ were derived taking into ac-
count the previous linear relations (Table 1). Fore = +1,
the Fourier terms A5, and BY , are arbitrarily chosen
as reference terms and, consequently, are considered as
independent parameters in the refinement. A zero value
is, therefore, attributed to cov(Afz‘ e B’; .

Let us now consider the case where several symmetry
elements are simultaneously involved in PS. The sym-
metry point groups that lead to linear relations between
some Fourier terms (HSC) can be found by consid-
ering the appropriate associated symmetry in internal
space, i.e. by looking at the possible 4D superspace
groups for a one-dimensional modulation (de Wolff et
al., 1981; Janssen et al., 1992). The following point
groups are involved: 622, 422, 32, 222, mm2, mmm and
2/m. Two cases occur depending on whether the linear
dependence(s) related to one symmetry element is (are)
maintained or reduced. The corresponding S* matrix can
easily be derived from the variance—covariance matrices
written in Table 1.

3.3. The X matrix

The next step is now to write the X' matrix related to
the atomic pair ,j in all the relevant cases.

3.3.1. Case (a). Some typical examples, involving
4D symmetry described by standard superspace groups,
are given in Table 2. Only the X*' part of X is written,
assuming a modulation described by a single harmonic.
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Table 1. S, matrices for atoms in special positions with only one symmetry operation in the point group of the
atomic site

(a) ¢ = +I1

Ay oo By . A3, and By, are independent parameters. A, , = a,A; , + 3,B; s By, = —B,A; , + a,By .
A p An A3, By, By n B3

Al n 050/2‘2_ Lt :330%2. . o"(riz‘n 0 0,,13,,(0%2-" - 0/2‘2.") .'3,,0,2,2‘ 0

Ay, ‘733_ B 0 —:’1"0/2‘2. B 0 0

A, 0%1 ., 0 0 0

B, , 330/2‘2. Lt 030‘%2, . ()',,0%2. ., 0

By , (7,231 . 0

B}. n 0123}‘:-

The o, and 3, coefficients can be easily derived from the knowledge of the symmetry operator (R, &, 7) using equation (22).
by ¢ = —1

: : . H 2x +x0

(i) Hexagonal, trigonal or tetragonal systems: symmetry operation T = Qor7 =1/2.

Ay n» By nv A3, and B; , are independent parameters. A, , = XA, , and B, , = FB; ,.

Aln Avn Ay, B, By, By,
Ain| 0k, *0i,, 0 0 0 0
Ay, A 0 0 0
Az, a/%x,. 0 0 0
B, ’Zfz.n q:(71292.,. 0
By , %, 0
B; , ‘7%3, n

(ii) Hexagonal system: symmetry operations (2‘7‘10), T =1/2 (20‘%“”), T =1/2; (ZZ‘T"O). T =0 (2‘%“”), r=0.

By .. Az pv By n. Aj, and B, , are independent parameters. A; , = a,A; , with a, = [(1 — c,,RA,\)/(:,,R,\u](*')A and A =
B4+ c,R)/2:p = 3=\
Ayn AZ. n A3, Bl,n BZ.n B}.n
Apa| olah, w0k, 0 0 0 0
SR T T
A3,n (7/%3 " 0 0
Bl.n o;fl,n 0
By , 012,.2_" 0
By , (7,2;.‘

n

(iii) Hexagonal system: symmetry operations (2"%""), T = (2"'%‘“"), T =0 (21%1,0)‘ r=1/2; (2"‘%"0), T=1/2

Ay n Az pe By oo A;, and By , are independent parameters. B, , = /B, , with o, = —[(1 +(',,RM,)/c,,Rl“\](*”" and A =
B+, R[22t = 3 =X
Al,n A2<n A].n Bl‘n BZ,n Bln
Ain| 9, , 0 0 0 0 0
Ay, 7., 0 0 0 0
Ay, 0/2‘] . 0 0 0
By, aploy, . odog,
BZ. n (712;2‘ n
Bl n UZ’]
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Table 1. (cont.)
(iv) Trigonal, tetragonal or hexagonal systems: T = £1/3, £1/4, £1/6; s, # 0.

Ay, = By, = Ay, = By , = 0. By, is an indcpendent parameter. A; , = 7,B; , with 7, = (¢, — 1)/s,,.
Ain Avn Ay, B, By, By,
A, 0 0 0 0 0 0
Aj p 0 0 0 0 0
As.n Noh, 0 0 W,
By , 0 0 0
B, , 0 0
By, %%
It is verified from equation (22) that the expressions proposed for the «), and «;’ coefficients fit all the relevant symmetry cases (¢ = —1)

shown in this table.

X4 is either diagonal if the atom j is in a general position
or takes a form similar to X"/ in the other cases. X*/
is zero.

3.3.2. Case (b). In this case, the X"/ part of ¥
includes covariance terms owing to the dependence
between the parameters of the two atoms and will be
described by blocks N and P, related to the average
positions and to the Fourier terms of the nth harmonic,
respectively.

The relation between the average positions of the
atomic pair is expressed by

j = Yi
x), =R, 5%}

(26)

By application of the covariance definition, the rela-
tion . L
cov (x[‘,, xé) =R,, cov(xé,xﬁ,)

is derived. For n = f3, cov(x
var(x‘ﬁ)

(27)

ﬂ,xT coincides with
. This relation can be written in the matrix form

N=MR. (28)

Similarly, the relation between the Fourier terms of
the atomic pair is described by |Y!) = |T,|Y,) for the
nth harmonic; it turns out that

P, =S.T, (29)

Two typical examples of 3’ matrix are given in Table

4. The interatomic distance c.s.u.

Knowledge of the X' matrix now makes it possible to
calculate the variance 03 for the interatomic distances d,
which can be considered as the sum of different terms.
From (2), the following relation is found:

oy = (Gy|M'|G}) + <G{;|Mf|G{;>
+ (GyINIGy) + (G}INIGy)

+ L (GIISIG) + (GSiG)

+(G,IP,|G}) +(G]IP,IG,)l.  (30)
The first part originates from the errors on the average
coordinates while the second part describes the errors on
the Fourier terms of the m harmonics. The components
of (G} and (G{)I are the derivatives of d with respect to

x5 and xé respectively. According to (5) and (3), they
are given by the relations

od/ox; = (1 /d)<X|g| (ax/axT'[,)>

_ . (31)
ad)dxi,= (1 /d)<X| gl (c‘)X/é)xé) >
with
BXQ/(')xZ =+0,5+2mqy
RS
(32)

X, /0xh=—6,, — 2nq’,

X {E"[Ba ACh(1) — AL "s{,(t)]}.

644 18 the Kronecker symbol, ci(r) = cos[2mn(t) + t)]
and si (1) = sin[2wn(s) + 1))
The components of (G, | and (G!| are the derivatives

of d with respect to A, B, , and A, B/  and are
given by
0d/9A,, , = [ch(1)/d)(Xig],
9d/0B, , = [5,(1)/d)(Xlgl., (33)
ad[oAl, | = —[c)(1)/d)(X|g|,
dd/oB!, , = —[si(1)/d)(X]g|.,.

(X|g|,, denoting the oz component of (X|g|.
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Table 2. Some typical examples of X ; parts of the X ; matrices related to first-order Fourier terms of the
displacive modulation of the atom i of a pair i,

(a) Atom i on a site of symmetry (2) T = 1/4; in SSG P4(00v)g: i belongs to (L)

x,, A} and B, are independent parameters.

4 ox x Al A, AL B B, B
x| 0 0 0 0 0 0 0 0 0
X, 0 0 0 0 0 0 0 0
% o2, 0 0 0 0 0 0
- 3
A} az,z 0 0 0 012;,2 0
Al 0/2\ ; 0 -—o : 0 0
Ag 0 0 0 0
B'i (73‘ ; 0 0
i 2
B, 4 B 0
B 0

(b) Atom i generated from atom pu [belonging to (L)] by the (3) operator: 7 = 1/4; in SSG P422(00~)q00

T TS TR 1)

X, x4y, x4, A, AY, AL, B, BY and BY are independent parameters.

X®H ™A A A B B B
| ok O 0 0 0 0 0 0 0
%l % 0 o0 0o 0 0 0 0
: N
X, ok O 0 0 0 0 0
. 3
Al o2, 0 0 0 0 0
. 2
Al o2 0 0 0 0
. 1
Al a},,; 0 0 0
B, - a? P 0
B, air 0
B‘3 g /2‘ ;l

(c) Atom i generated from atom p [belonging to (L)] in special position (7) by the (?) operator: T = 1/2; in SSG P6mm(00)s0s

xi', x4, AY, AL, BY and BY are independent parameters.

% W A A A B BB
] aglu -ogr 0 0 0 0 0 0 0
X, a%‘ 0 0 0 0 0 0 0
b2A ogg 0 0 0 0 0 0
A} %oig —%ai; 0 0 0 0
Ab 410}‘; 0 0 0 0
Al ai‘; 0 0 0
B «%"ﬁ; -1 01215‘ 0
B; 41012’; 0
i3 ‘7;;
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Table 3. Two typical examples of X' matrices related to the first-order Fourier terms of the displacive modulation
of an atomic pair i, j

(T) i belongs to (L) in general position; SSG P4mm(00)ss0

(a) Atoms [ and j related by
X, %, %, Al, A}, AL, Bi, B} and Bi are independent parameters.
(i) The £%' matrix is the diagonal one obtained with all the independent parameters.

(i) =9/ part of the ¥ matrix.

A% A A A A4 B B B
Hlei 0 0 0 0 0 o0 0 0
. 2
kY 2
¥, 7 0 0 0 0 0 o0 0
- 2
7, o 0 0 0 0 0 0
A o 0 0 0 0 0
J P2
& on 0 0 0 0
A, o2 0 0 0
; 3
By o 0 0
B’? aé,! 0
B, T
(iiy £ part of the ¥ matrix.

;% % 4 4 4 B BB
x[ 0 e 0 0 0 0 0 0 0

!
X a% 0 0 0 0 0 0 0
%l o 0 o 0 0 0 0 o0 0
. 3
Afl 0 0 o o0 ¢ 0 0 0 0
) 1
A 0 0 0 ¢ 0o 0 0 0 O
2

Al o 0 0 0 0 o 0 0 0
. 3
BBl 0o o 0o o0 o0 0 0 % O
. 1
Byl o 0 o0 0 0 0 g 0 0
‘Wl o o o o o0 o0 0 O 012;3

(b) Atoms i and j related by (:) i belongs to (L) in special position <T) SSG P4mm(00~)sOs
X, X, A}, AL, By and BY are independent parameters.

(i) ¥ part of the ¥ matrix.

¥o®m X OA A A B BB
¥ i oL 0 0 0 0 0 0 0
1 1
b ! oz 0 0 0 0 0 0 0
i 1
¥ oz 0 0 0 0 0 0
) 3
Al o2 —al, 0 0 0 0
i ? 2 ?
AL o 0 0 0 0
Al 0 0 0 0
i 2 2
B Ty T 0
2 !
B T 0
B 0
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Table 3. (cont.)

(i) ¥/ part of the ¥ matrix.

N®H  ®HOA A4 A B B B
|t -¢% 0 0 0 0 0 0 O
) % ul
%, a;| 0 0o o0 0o 0 0 0
%, 20 0 0 0 0 0
; )
J 2 2
A, %N % 0 0 o0 0
A, o% 0 0 0 0
A 0 0 0 0
] 2 2
B, 05': 03,2 0
/ 2
B, Ty,
8, 0
(iii) ™ part of the ¥ matrix.
W% Y M A A B B B
| -2 % 0 0 0 0 0 0 0
! x X
xh —a; 20 0 0 0 0 0
) | I
#| o 0 2 0 0 0 0 0
3 )
Al 0 0 -0} -0l 0 0
2" 2
AS aA,-: oA,: 0 0 0
ALl 0 0 0 0 0 0 0
B 0 0 0 0 0 - —afﬁ 0
i 2 2"
B, 0 0 0 0 03,2 aB,z 0
B, 0 0 0 0 0 0 0 0

5. Illustrations

The previous method has been applied in some chosen
cases where intrinsic non-zero covariance terms are
implied. These examples do not necessarily concern only
modulated structures. Consider, for example, a hypo-
thetical structure in the hexagonal system with space
group Pémm (with a = 8 A) with an atom i at the origin
of the cell and an atom j in special position 6(d) [x =
y = 0.3500 (5)]. The distance AB is then calculated as
2.8000 A with a c.s.u. of 0.0040 A. Without taking into
account the covariance terms resulting from the special
position of the atom j, this c.s.u. would be calculated as
0.0028 A. Furthermore, the c.s.u. corresponding to the
symmetry-related distance ij’, with j' at (x, 0, 0) would
not be calculated with the same value.

Now consider the similar case of a hypothetical
incommensurate  structure ~ with  space  group
P4mm(0,0,v)s0s (a = b = 3.5, c = 10A, v = 0.213)
with an atom i at the origin of the cell and an
atom j in special position 4(d) [x = y = 0.3500(5),
A} =0.050 (2), B) = 0.030(2)]. Symmetry constraints
impose A] = —Aj and B) = —B) and A} = B} = 0. The
corresponding X' matrix is shown in Table 3(b) and the
calculated bond length, d,.j, is represented a: a function

of ¢ in Fig. 1; the curves correspond to d; £ 30 and
d,.j + 30*, where o is the rigorous calculation of the
c.s.u. taking into account covariance terms and o* is an
approximate value that does not take into account the
covariance terms. The error in neglecting covariance
terms in such a case is obvious.

2.54 17~ PRakS
>
<
Q
=
=
3
z
z

2.42 —T— T

0.0 0.2 0.4 0.6 0.8 1.0
t
Fig. 1. Solid line: interatomic distance dj; versus f, in superspace

group P4mm(007)sOs with atom i at (0,0,0) and atom j at
(0.3500 (5), 0.3500 (5), 0). Dotted lines: d;; £ 3o, taking into
account covariance terms; dashed lines: d;; + 30", taking into
account no covariance term.
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If we now look at three real examples of monoin-
commensurate structures, it is possible to decide about
the real significance of variations in interatomic dis-
tances. When considering, for example, the small varia-
tions of the Te—Te distance in NbTe, (van Smaalen &
Bronsema, 1986) (Fig. 2) and the larger interatomic vari-
ations of the Zn—Cl and C1—Cl distances in Rb,ZnCl,
(Hédoux & Grebille, 1989) (Fig. 3), it can be seen that
the former are significant because of the very small c.s.u.
values of the refined parameters in this structure refine-

2.98
. J
<
L 294 —J
8
-1
3
2

2.90

— T T T — T
0.0 0.2 0.4 0.6 0.8 1.0

t

Fig. 2. Te—Te interatomic distances in NbTe, (van Smaalen et al.,
1986). Error bars correspond to +30.

2.35
_ 230
S I o
& 1T T I I ]
% 225+ 3
s
8 220

2.15 T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Distances CI-Cl

0.0 0.2 0.4 0.6 0.8 1.0

(]

Fig. 3. Interatomic distances in Rb,ZnCl; (Hédoux & Grebille,
1989): (@) Zn—CI(1) (solid line) and Zn—Cl(2) (dotted line); (b)
CI(1)—CI(2) (solid line), CI(1)—ClI(3) (dotted line), Cl(1)—Cl(4)
(dashed line), C1(3)—Cl(4) (crosses). Error bars correspond to +30.

COMBINED STANDARD UNCERTAINTIES FOR INTERATOMIC DISTANCES

ment. In the second case, however, because of the larger
uncertainty on the refined parameters, one can consider
that the corresponding interatomic distances are constant
within the experimental error. Thus, the global motion
of the ZnCl, tetrahedra is to a good approximation rigid-
body motion. In the first case, calculations of the c.s.u.
for Te—Te distances lead to an average value of 0.0020;
without taking into account the covariance terms due to
the symmetry relation between the two atoms, the c.s.u.
would have been calculated as 0.0015.

A recent study of the modulated structure of the so-
called Bi2212 superconducting copper oxide (Grebille,
Leligny, Ruyter, Labbé & Raveau, 1996) showed that
disorder in the location of the Bi atom occurs. The
distance between the two split Bi sites is shown in
Fig. 4 as a function of the internal variable ¢ and the
corresponding c.s.u. is also given. In this particular case,
the disorder is clearly significant for 0.7 < ¢ < 1.1
(modulo 1); for the other values of f, however, one
can consider that the deviation of the value of this
distance from zero is not significant with regard to
the corresponding c.s.u. Rigorously speaking, it should
appear siginificant according to the usual 3¢ criterion
as is represented in Fig. 4 but the proposed value of
the c.s.u. in this study is probably underestimated. In
fact it supposes that the structural model chosen for
the refinement is reliable but only two orders could be
introduced for the Fourier expansion of the displacement
functions; this limitation is already an approximation.

6. Conclusions

In the structural study of incommensurate or commen-
surate modulated structures, particular attention should
be paid to the derivation of interatomic distances and to
the interpretation of their variations as a function of the
phase variable of the modulation functions. A careful
calculation of these values should also be accompanied
by a realistic estimation of the related combined standard
uncertainty. This is not always an easy task since it

0.8
5 06
%
£ 04
g 8
2
a
0.2
]
0.0 —
0.0 0.2 0.4 0.6 0.8 1.0

t

Fig. 4. Bi—Bi interatomic distances between the two disordered
Bi sites in Bi,Sr,CaCu,04, 4 (Grebille er al., 1996). Error bars
correspond to £30.
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assumes that all the variance terms of the independent
parameters involved in the definition of the periodic
modulation functions have been taken into account. The
present study gives a detailed description of a method
of calculation of the c.s.u.,, which takes into account
all the variance terms attached to the relative atomic
modulated coordinates and all the possible covariance
terms resulting from linear relations imposed by sym-
metry considerations. It neglects the variance on the
values of the cell parameters and of the components
of the modulation wave vector, which are supposed
to be known to within very good accuracy. From all
the possible symmetry constraints, general formulas are
proposed for the corresponding linear relations, which
allow a general matrix form for the c.s.u. to be derived.

Consequently, a rigorous determination of the c.s.u. of
interatomic distances as well as their possible variation
as a function of the phase variable of the modulation
can be given. It has allowed us to give justified in-
terpretations of structural results in terms of rigid-body
motion or of residual disorder. Nevertheless, one has to
bear in mind that the present estimation can only give
an underestimated value because it supposes that the
structural model used to describe the crystal structure
exactly is reliable and sufficient.

APPENDIX A

Two methods can be used to derive the variance of a
function f(p,, p,, - -.,p;» - - -), where the p; variables are
not necessarily independent. Either, as in the present
study, o; is calculated taking into account the variance
and covanance terms associated with the p, variables
or f is expressed as a function of a reduced set of
independent parameters and cff2 is estimated from their
corresponding c.s.u. without any covariance term. The
present Appendix shows that both methods are formally
equivalent in the case where only linear relations are
involved between the p, parameters.

For instance, let us assume that the parameter p, is
related to the p, ., and p, , parameters through the
linear relation

Pi = Py + BPyias

where p, | and p, , are independent parameters de-
rived, for example, from a least-squares refinement.

Considering the other parameters as strictly indepen-
dent, (1) leads to

af = (9f/9p,)* var(p,) + ... + (9f/9p,)? var(p,)
+ (0f/Opy 1) var(p,y )
(af/dPH.z) Var(Pk+2)
+ (0f/0p,)* var(p,)

687
+ 2[(0f/6pk)(af/apk+] ) COV(Pk»Pk+1)
+ (9f/ 0P, )(Of/ Opy12) COV(Pra Pyi2)]
= (G| X|G),
includes covariance terms.

where Y (n X n)
From var(p,) = oa’v (pk+]) + 5 var(p,,,) and

cov(p, Pyy) = avar(pk+l CoOV(P Pry2) =
B var(p,,), it follows that

o} ~ (0f/dp,)* var(p)) + ...
+ (0f/Op 4 + adf/op,)? var(p; )
+ (0f/0pyyr + BOf/Op,)* var(p, y,) +
+ (9f/9p,)* var(p,)
= (G'|¥'|G),

where X’ [(n—1) x (n—1)] is a diagonal matrix and the
components of (G'| {1 x (n — 1)] are the derivatives of
F = f(py, s PiPiy1s Prs2)s Piy1s Prsas - > P,) With
respect to the independent parameters; (Of/0p,,, +
adf/op,) and (9f/Op, ., +BAf/9p,) stand for OF /Op, |
and 0F/0p,, ,, respectively. Consequently, if true linear
relations are implied between some parameters, an esti-
mation of o2 can be given using either the (G|X|G) or
the (G'|2’|G’) relation.

APPENDIX B

When an atom sits on a special position for a symmetry
operation (R, ¢, 7), the refinement parameters A, , and
B, , of the cos and sin terms of the « components of
the nth-order Fourier term of the displacive modulation
are constrained. In the present Appendix, all possible
corresponding linear relations are given for @ = 1,2
(standard settings of the superspace groups). These linear
relations depend on the values of ¢ and nr.

In all cases not tabulated in the present Appendix, no
linear relation occurs either because the corresponding
refinement parameters are constrained to be zero or
because they are free and are independent parameters.

B1l. Cases with ¢ = +1

When they exist, the linear relations can always be
written as (24):

Al‘n = anAZ.n + 'BnBZn
Bl,n = _’BnAZ,n + anBZ.n'

o, and 3, are expressed as a function of s, = sin(27nT)
and ¢, = cos(27nT).
In all these cases, 3, = s

Sy
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nr System Sym. op. Qp

0,1/2  Trig., hex., tetr. My x; —Cn
0,1/2  Trig., hex., tetr. M Cn
0 Trig., hex. LTRSS 2
1/2 Trig., hex. mo.y.; 2

0 Trig., hex. My oz 1/2

1/2 Trig., hex. M, 1/2
1/4,3/4 Tetr. 400, 0

1/3,2/3 Trig., hex. 3002 —Cn
1/6,5/6 Trig., hex. 600.: Cn

B2. Cases with ¢ = -1

When they exist, the linear relations can always be
y € y

expressed by one of the following forms:

() A}, = a; A}, and By, = «;By , simultaneously
with o/ = —a/;

p(ii) Al , = ;A% no linear relation for B}, and
B2, n

“(iii) B, = /By, no linear relation for A}, and
AZ n

ﬂ(iv) Ag“n#: 7,B ,» no linear relation for A ,, A |
By, and B .
l.n 2.n
nrt System Sym. op. Case « a) 7,

0,1/2 Trig., hex., tetr. 2,0 i ¢ —cn

0,1/2 Trig., hex., tetr. 2, ;0 i) —cn Ca
0 Trig., hex. 20,0 (iii) 2
1/2 Trig., hex. 2040 i)y 2

0 Trig., hex. 2220 Gy 2

’ 1"

nt System Sym. op. Case «a, a. V¥,
1/2 Trig., hex. 22000  (ili) 2
0 Trig., hex. 200 (iii) 1/2
1/2 Trig., hex. 200 (i) 1/2
0 Trig., hex. 2200 (i) 1/2
1/2 Trig., hex. 2,0 (idd) 1/2
1/4,3/4 Tetr. 4o0. (V) —Sn

J. Lejeune (Department of Mathematics, University
of Caen) is gratefully acknowledged for helpful discus-
sions.
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